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Abstract. Following analogous constructions for Lie algebras, we de- 
fine Whittaker modules and Whittaker categories for finite-dimensional 
simple Lie superalgebras. Results include a decomposition of Whittaker 
categories for a Lie superalgebra according to the action of an appropri- 
ate sub-superalgebra; and, for basic classical Lie superalgebras of type 
I, a description of the strongly typical simple Whittaker modules. 



1. Introduction 

"Whittaker" modules and Whittaker categories have been studied for a 
variety of Lie algebras and have a well-developed theory in the Lie alge- 
bra setting. This work relies on Lie algebra structures that have natural 
analogues for Lie superalgebras. Here we focus on defining and investigat- 
ing Lie superalgebra equivalents of both Whittaker modules and Whittaker 
categories. 

Kostant [10] defined Whittaker modules for complex finite-dimensional 
semisimple Lie algebras q. Such a Lie algebra has a triangular decompo- 
sition = n~ © f) ® n"*" (where f) is a Cartan subalgebra and is nilpo- 
tent); a Whittaker module is a g-module V generated (as a g-module) by 
a one-dimensional n"^-submodule Cw C V. Among other results, Kostant 
provided a description of Whittaker modules V, for a restricted set of gener- 
ating n~'"-submodules Cw, in terms of the action of the center Z(q) of U{q). 
McDowell [12] and Milicic and Soergel [H] built on Kostant 's work to pro- 
duce a description of Whittaker modules for all generating n''~-submodules 
Cw, along with results that situated Whittaker modules in a larger category 
of g-modules with locally finite n"'"- and Z(g)-actions. 

Many other Lie algebras and related algebras possess a structure similar to 
the triangular decomposition of complex finite-dimensional semisimple Lie 
algebras, and there has been a variety of work done to define and investigate 
Whittaker modules in these settings. Whittaker modules have been studied 
for Heisenberg Lie algebras [5], for the Virasoro algebra [17], for the twisted 
Heisenberg-Virasoro algebra [TT], and for graded Lie algebras [20]. There 
has also been work on Whittaker modules for quantum groups [19^ [TB] and 
for generalized Weyl algebras [2]. 
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More recently, Batra and Mazorchuk developed a framework to unite and 
expand on the previous appearances of Whittaker modules. They considered 
pairs of Lie algebras ^ n where n is a nilpotent subalgebra of g and 
investigated the category W of g-modules such that n acts locally finitely. 
(We refer to this category as a Whittaker category.) Among their main 
results in this general setting, they showed that if the action of n on g is 
locally finite, then the category W decomposes according to the action of n. 

In this paper we adapt the framework of Batra and Mazorchuk to finite- 
dimensional simple Lie super algebras. Section [2] presents relevant back- 
ground information for Lie super algebras. Section [3] defines Whittaker cat- 
egories yy for Lie superalgebra pairs (g, n) and gives a decomposition of W 
according to the action of n, among other results. 

Unlike the Lie algebra setting, simple finite-dimensional modules for a 
finite-dimensional nilpotent Lie superalgebra are not always one-dimensional; 
this creates an additional challenge for reproducing Lie algebra results in the 
Lie superalgebra setting. For this reason, we restrict to basic classical Lie 
superalgebras of type I in Sections [H and [5l In Section [H we construct mod- 
ules M^^A (V' £ C n*, defined below, and A G f)*) in the Lie superalgebra 
category W(g, n) by inducing up from particular modules M^^\ in the un- 
derlying Lie algebra category >V(go, %). We show that, under certain mild 
restrictions on iIj and g, the modules M^^\ have unique simple quotients 
L^^\. Moreover, for suitable choices of A, the modules L^^\ give a complete 
list up to isomorphism of the strongly typical Whittaker modules. 

If ■!/; : n — )• C is nonzero on the simple roots of Qq, then the gg-module 
M^^x is simple. In Section [5] we study the corresponding induced modules 
M^^x- In particular, we show that the s[(l, 2)-modules M^^x simple and 
thus give a complete description of the strongly typical simple Whittaker 
s[(l, 2)-modules. 

2. Background for Lie Superalgebras 

In this paper we restrict to finite-dimensional Lie superalgebras over C. 
Such a Lie superalgebra is a Z2-graded vector space g = gg © 0t with a 
bracket [, ] : g x g g which preserves the Z2-grading and satisfies graded 
versions of the operations used to define Lie algebras. Let d{x) denote the 
Z2-degree of a homogeneous element a; G g. The even part Qq is a Lie 
algebra under the bracket operation. Finite-dimensional complex simple Lie 
superalgebras were classified by Kac [9]. 

In this paper g-modules V are Z2-graded: V = Vq (B Vj. Thus there is a 
parity change functor 11 on the category of g-modules, which interchanges 
the Z2-grading of a module. For a finite-dimensional module V and a simple 
module L, define [V : L] to be the number of times that L appears as a 
factor in a composition series of V. We restrict to modules V with at most 
a countable basis. 
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For a Lie (super)algebra a denote by U{a) its universal enveloping (su- 
per)algebra and by Z{a) the center of U{a). We call an algebra homomor- 
phism X ■ Z{a) C a character of Z{a). We say that an a-module V has 
central character x zv = x{z)v for every z € Z(a) and v (zV. 

Note that U (g) can be viewed as an g-module through the adjoint action: 

(2.1) {adx)u = xu- 

for homogeneous x G Q, u G U{g). 

The superalgebra U (g) is a supercommutative Hopf superalgebra. Thus 
we can define a module structure on a tensor product of modules using the 
coproduct. For a sub-superalgebra n of g, we define induced modules as 
follows. First note that the Hopf superalgebra structure on U{g) gives a g- 
module structure on the tensor product M®N =: M ®£ N, where M, N are 
g-modules. Then for an n-module A^, Ind^iV = U (g) <8>[/(n) N has the natural 
structure of a left J7(g)-module (f7(g) is considered as a right C/(n)-module 
and a left [/(g)-module through multiplication). 

2.1. Nilpotent finite-dimensional Lie superalgebras. Let n = Uq ©rij 
be a nilpotent Lie superalgebra, and let -F(n) (abbreviated as T) be the 
category of finite-dimensional n-modules. 
Define 

(2.2) C = {i^€n*\ ^{nj) = 0,^{[n^,nj^]) = 0}. 
For a fixed ip ^ C, one can choose f) C n such that 

• V([t),fl]) =0; 

• f)Y is maximal so that ^([{)x, ijj]) = 0. 

Thus, f) is maximal in n so that ip |(j is a Lie superalgebra homomorphism. 
Define 

I(V^) = Indi;(V^) = Uin) ^u(k) 
Note that if ?/^([n-, n-]) = 0, then f) = n and /(^) is one-dimensional. 

The following is a summary of several results from [9], with a correc- 
tion given in [18]. (These results are stated for solvable Lie superalgebras. 
When applied to nilpotent Lie superalgebras, the results in the two papers 
coincide.) 

Proposition 2.3. For tp C, the module is independent of the choice 
of t), is finite-dimensional, and is irreducible. Moreover, up to the parity 
functor, the set \ ^p C} provides a complete list of the irreducible 

objects in T . 

In this paper it will also be useful to view /(V') as an riQ-module. The 
following lemma shows that, as an rig-module, /(V') has a composition series 
with all factors isomorphic to C^. 

Lemma 2.4. Let ip ^ C Then the n-Q-action x — ip{x) on I{ip) is locally 
nilpotent. 
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Proof. Consider The action is well-defined since ^([uq, Ug]) = 0. 

To show that the action is locally nilpotent on I{tp), consider a monomial 
y <S)1^ ^ I{ip)- Then, 

(x - ip{x)){y (g) 1^) = [x, y] (g) 1^ + y (g) (x - tp{x))l^ = [x, y] (g) 1^. 

Since the induced adjoint action of Uq on U{n) is locally nilpotent, it follows 
that for k sufficiently large 

{x - ^{x)f{y ig) 1^) = [x, yf O 1^ = 0. 

□ 

Corollary 2.5. Let V ^F. Then 

where is the maximal submodule such that, for any irreducible module 
L, [V^ : L] / only if L ^ /(V), n(/(V')). 

Proof. Viewed as an ng-module, V = where 

= {v \ loT x e ng, (x - '4){x))^v = for /c >> 0}. 

Similar to the argument in the previous proof, for v € , y S rij, and 
X G rig, we have that (x — 'i/j{x))^yv = for k sufficiently large. Thus, is 
in fact a n-submodule of V. The result then follows from Lemma |2.3[ □ 

Based on this decomposition, we define T{^p) (or T{n,ip)) to be the full 
subcategory of T such that V € J^{tp) implies [V : L] = unless L = 

/(V),n(/(^)). 

3. Whittaker categories for Lie superalgebras 

In this section, we define Whittaker categories for Lie superalgebras and 
present a category decomposition. Let g be a finite-dimensional Lie super- 
algebra and n C a nilpotent sub-superalgebra. Following the definition of 
Batra and Mazorchuk pQ, we define a Whittaker category W(0, n) for the pair 
(g, n) to be the full category containing g-modules V such that n acts locally 
finitely on V. When there is no confusion, we may abbreviate yV(g, n) as 
W. 

Let V € -^(n). Since the adjoint action of n is locally finite on U{q), 
IndS(F) G >V(g,n). For any M £ >V(g,n), M has a filtration by finite- 
dimensional n-modules: = Mq C Mi C • • • , |J . Mi = M. (To see this, 
recall that we only consider modules with a countable basis.) Then, for an 
irreducible n-module L, define 

[M:L]=sup,>g{[M, :L]}. 



WHITTAKER MODULES FOR LIE SUPERALGEBRAS 



5 



Lemma 3.1. Fix tjj ^ C, and let V G J-'(n, View Ind^V^ as an n- 
module; then for any irreducible n-module L, [Ind^l^ : L] = unless L = 

Proof. View Ind^l/ as an riQ-module with action given by x.v = {x — ip{x))v. 
It follows from Lemma 12.41 that the action of rig on V is locally nilpotent. 
Since the adjoint action of Uq on U{q) is locally finite, a similar argument 
to the proof of Lemma 12.41 shows that the action of rig on all of Ind^y is 
locally nilpotent. 

Now suppose that L is an irreducible subquotient of Ind^l^. We know 
that for X € rig, {x — ip{x)) acts nilpotently on L. Since if) determines an 
irreducible n-module up to 11, it must be that L = or L = n(I(V')). □ 

Theorem 3.2. Let M G W(0,n). Then, 

M = ^M^, 

where M'^ is the maximal Q-submodule of M such that, for an irreducible 
n-module L, [M : L] = unless L ^ /(V;), !!(/(?/;)). 

Proof. Define M'^ to be the sum of the images of all modules Ind^F where 

V G J-{x\., i/j). Then is a submodule of M, since it is a sum of submodules. 
Moreover, for any v G and x G rig, {x — il){x))'^v = for k » 0. 
Since sums of distinct generalized eigenspaces are direct, this implies that 
^^g£ is a direct sum. 

Now we argue that 0^g£ M'^ = M. Let u G M and define V = U{v.)v. 
By definition of W(0,n), V is finite-dimensional and so by Corollarv 12.51 

V = 0^g^ y'^. By definition of M'^, F'^' C M'^. This imphes that u G F C 
0^g£M'^, which completes the proof. □ 

Based on this result, we define W(0,n, "0) (or yV{ip)) as the full sub- 
category of >V(0,n) where M G yV(0,n, V') implies that, for an irreducible 
n-module L, [M : L] = unless L ^ /((/'), n(/(i/;)). 

Lemma 3.3. Let ij) ^ C and V G VV(V')- Viewing V as an n-module, V 
contains a submodule isomorphic to L{ip) or n(/(^)). 

Proof. Let Q ^ v ^ V . By definition of the category, U{n)v is a finite- 
dimensional n-module. Therefore, U{n)v has a nonzero socle which must be 
a direct sum of L{'ilj), Ii{L{ip)). □ 

Suppose V' £ >C so that ^/'(['^T' '^tD ~ ^ (and thus /(V') is one-dimensional). 
For V G W{ip) define 

(3.4) Wh^(V) = {v eV \xv = il;{x)v for aU x G n}. 

The vectors in Wh.^{V) are the Whittaker vectors of V. (Thus, if w £ 
Wh^(y), then Cw is a one-dimensional irreducible n-module.) If V is gen- 
erated by a Whittaker vector w, then we call V a Whittaker module. 
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Corollary 3.5. Let ip e C so that ■(/'([tij, rij]) = and let V € >V(?/') be a 
Whittaker module. If dim Wh.^{V) = 1, then V is irreducible. 

Proof. Let be a non-trivial 0-submodule of y. Lemma [3.3l implies that W 
contains a non-zero Whittaker vector w. Since dimWh^(y) = 1, it follows 
that w must generate V. □ 

4. Whittaker modules for basic classical Lie superalgebras of 



For the remainder of the paper we restrict g to a simple basic classical Lie 
superalgebra of type I, that is 3 = s[(m,n) (n > ?n > 1), ps[(n,n) (n > 3), 
or Q = osp(2,2n) (n > 1). Although we will not consider this case here, 
our results can easily be extended to g = g[(m,n). For a natural choice of 
nilpotent subalgebra n C g, the irreducible n-modules are one-dimensional. 
With this in mind, we study Whittaker modules and Whittaker vectors for 
these Lie superalgebras. 

4.1. Basic Classical Lie superalgebras of Type I. The basic classical 
Lie superalgebras of type I admit a Z-grading g = g-i0goffi0i) where gg = go 
and Qi = g_i -|- gi, and a non-degenerate even invariant supersymmetric 
bilinear form (•,•). Both superalgebras g±i are supercommutative and the 
exterior algebras Aflii naturally embedded in U{g). Moreover, U{q) = 
/\(g_i)C/(go) A(0i)- ad go-modules, Q±i are irreducible and dual to one 
another. The above Z-grading can be extended to a Z-grading on U{q). 
Moreover, if r = dimgi, then U{g)±r = U{qo) Ad±i and U{q)s = for 
|s| > r. 

Fix a triangular decomposition go = vIq © ® n,| of go. This corresponds 
to a triangular decomposition g = n~ © f) © n"'', where n~ = Uq © g_i and 
n+ = n([ © gi. 

Let A be a root system for g, with a set of simple roots vr, and let let 
be the set of positive roots. Set A~ = —A"*". Denote by Ag the set of non- 
zero even roots of g and by Aj the set of odd roots of g. Set A^ = Ag n A^ 
and A^ = Aj n Aj-. Also, let vrg be the set of simple even roots. 

Let W be the Weyl group of go. Put Pq = ^ SaeA+ ^ usual and set 
w ■ X = w{X + pq) - Pq for all w e W, X e t)* . 

For any S C vr, let be the free abelian group generated by S. Set 



Let C = {i/j e (n+)* I V(0i) = 0,^p{[n'^,n^]) = 0} and let ^ ip e C. 



Following [101 §2.3] and since ip is completely determined by its restriction to 
xIq, we will say that ip is non-singular if "^IgQ 7^ for all a G vrg. Otherwise, 
we will say that tp is singular. Set = {a € tt \ tplg^ ^ 0}. By the 
definition of C, we observe that S^jj Q ttq. This implies that A'^''' C Ag. Let 



Pq = Aq U (— A^'''). Then Pg is a parabolic subset of Ag (cf. [31 Chap. 



TYPE I 




WHITTAKER MODULES FOR LIE SUPERALGEBRAS 7 

VI, §1, no. 7, Prop. 20]), and it is easy to see that Pg n {-Pq) = . It 
follows from d Chap. VIII, §3, no. 4, Prop. 13] that = f) e ^ 

is a finite-dimensional reductive Lie subalgebra of go- Let be the Weyl 
group of Q^. 

Let 0^ = © Z, where := [0^,0,/,] is semisimple and Z is the center of 
0^. Note that 

(4.1) Z = {het)\ a{h) = for all a G A^"'-} + 3, 

where 3 is the center of go. Moreover, f} = f}^ Z, where f)^ = ns^. If V' is 
non-singular, then 5^ = vrg, g^ = go, and Z = 3. Let = ^ g±, 



a 



and = 0^ etj. 

Assume that = {71, . . . , 7^} and vr \ 5"^ = {/3i, . . . , /3fc}. 
Lemma 4.2. (respectively x^) is an ideal of (respectively p^). 

Proof. We only prove the lemma for since the proof for is similar. 
Let a G A+ \ A^"* and /3 G A+ U (-A^"*) with a /? G A. To prove that 
is an ideal of p^, it suffices to show that a + j3 ^ A+ \ A^"^. Since 



s 

a G A+ \ A_^'''' and vr = {71, . . . , 7^, . . . , there exist ai,bj G 



k 



such that a = + bj(3j with at least one bj > 0. If /3 G A_|_, 

1=1 j=i 

s k 

then /3 = ^^Cj7j -|- ^j7?j for some Ci,b'j G Z>o. Therefore a + (3 = 
i=i j=i 

s k 

^{ai+Ci)-fi + ^{bj +b'j)/3j . Obviously a-h^ G A+. Moreover, a+P ^ A^* 

i=i j=i 

since bj + b'j > for at least one j. Now, suppose that /? G (— A,^'''). Then 

s 

there exist c- G Z>o not all zero so that /3 = — ^^c-7j. It follows that 

j=i 

s k 

a + (3 = ^^(oj — c-)7j -|- Since a -|- /3 G A and &j > for at least 

i=i j=i 

s 

one j, it must be a -|- /3 G A+ \ A □ 



4.2. Induced Whittaker modules. In this subsection we construct Whit- 
taker g-modules as modules induced from Whittaker go-modules and study 
their properties. 
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Let 9^ : Z{q^) C^(t)) be the Harish-Chandra homomorphism for and 
let 0^ : {)* — 7> MaxZ(g^) be the induced map on the maximal ideals. For any 
A G f)* let XX be the character of Z{q^) corresponding to 9^{X) € MaxZ(g^) 
(that is, an algebra homomorphism x\ ■ -^(flv) ~^ *^ with ker^A = (^tpi^))- 

Proposition 4.3. [12^ cf. Prop. 2.3] There exists a unique (up to isomor- 
phism) simple Whittaker q^, -module W^p^^^ of type tp and central character 
Xx- Moreover, W^^^^^ contains a unique (up to scalar multiplication) Whit- 
taker vector. 

Proof. Set = Qa- Then is non-singular [101 cf. §2.3]. Let 

Xs and Xx be the restrictions of xx to Z{5^) and 3 respectively. By [TU| 
Thm 3.6.1]) there exists a unique (up to isomorphism) simple Whittaker 
s^-module W^^^^^ of type ip and central character Xs- Put zv = xx{z)v for 
all z G 3 and v € VF^,xs- It is easy to verify that the resulting g^-module 
satisfies our claims. □ 

Recall that = 0^ © and extend the g^-action on W^^^^ to an action 
of by letting act by 0. (This action is well-defined by Lemma l42l ) 
Let 

(4.4) M^,x = U{Q)(^uip+)W^,xx- 

Further, if w^^x is a cyclic Whittaker vector of W^.^^ (unique up to scalar 
multiplication, see Proposition 14. 3p . we set w^^x = 1 ® ^^»/i,a- Then M^^x is 
a Whittaker module in the category >V(0,n) of type ijj. 

Consider U{x^) with the adjoint action of q^,. It is easy to see that the 
map / defined by u (8) y ny is a g^-isomorphism of U{x^) (8>c ^^/j.xa onto 
M^^x- Therefore 

(4.5) M^,A = f/(r;)®cVr^,XA 
as g^-modules. 

In what follows, we prove that M^^x has finite length as a g-module. 
First, we establish some notation. We denote again by ^p the restriction of 
■0 to n^. Recah that = U {-AI"^). Let mj = g±„. Then 

00 = iTi^ ® g-ip (B m^, where g^ is defined as before. It follows by [H Chap. 
VIII, §3, no. 4, Prop. 11 and Def. 2] that p^ = g,/, © is a parabolic 
subalgebra of go. Moreover, = ffig±i. Let A G f)* and let W^^^^ be as 
before. We extend the g^-action on W^p^^^ to an action of p^ by letting 
act by and we set 

(4.6) M^,A = U{qo) ©C7(m+) W^,XX- 
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These modules were constructed and studied in [12] and [H] . Although this 
construction was originally accomplished for semisimple Lie algebras, it can 
be extended to reductive Lie algebras and the results that we use remain 
valid over go- It is obvious that if ■0 is non-singular, then Q^p = Qo, = 
and M^^A = W^,xx- It follows by [HI Prop. 2.4 (d)] that 

(4.7) M^,A = C/(m-)0cI^V,XA 
as 0^-modules. 

By (113]), the fact that r;^ = s_i m^, the PBW Theorem, and ([32]), it 
follows that 

(4.8) M^,A = A0-i®cM^,A. 

It is easy to see that this is an isomorphism of 0o-™odules, where we consider 
as a go-module with the adjoint action. Let P C f)* be the set of 
weights of A 0-1 ^s a go-module (counted with multiplicities). 

Proposition 4.9. As a Qo-module M^^\ has a filtration with subquotients 

Proof. The proof follows from (j4.8p and [141 Lemma 5.12]. □ 
Corollary 4.10. As a Qo-module M^,^\ has finite-length. 

Proof. The proof follows from Proposition l4.9l and the fact that each M^^^, /i € 
{)* has finite length by [14^ Theorem 2.6]. □ 

4.2.1. In this subsection, let ^lJ € C, tp ^ 0. We will further assume that ■0 
is singular if g = psl{n,n). Under these assumptions Z ^ 0. 
Recall that = {71, . . . , 7^} and vr \ 5^ = . . . , /3fc}. 

Lemma 4.11. /3j{h) = for all h G f)^, j = I, . . . , k. 

Proof. This is an easy computation using the non-degenerate even invariant 
super symmetric normalized form (., •) on g and we omit it. □ 

For any A G f)*, let A = X\z. Note that 7j = for each i because 7j(C) = 
for all C G ^• 

Lemma 4.12. (a) The set {/3i, . . . is a linearly independent subset 
of the dual space Z* of Z . 

k 

(b) //7 G A+ \ then 7 G (Z>oft). 

i=l 

Proof, (a) Suppose that there exist ki, . . . , Km G C such that 

m 

(4.13) ^Kift = 0. 

i=l 
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We wish to show that Ki = for all i. We claim that Kj/Jj = 0. By ()4.13p 

i=l 

m m 

it follows that ^ KjftCC) = K-ihiCl = for all Z. Since f) = f)^ Z, 

i=l i=l 

m. 

we only need to show that = on fj^,. However this follows from 



i=l 



Lemma HJTJ Hence = on and consequently = for each i by 

the linear independence of /3i , . . . , /3fc • 

(b) Since 7 G A4. \ A,^''', there exist unique Vi^Kj e Z>o, i = 1, . . . ,s, 
j = 1, . . . ,k with > for at least one j such that 7 = z^i7i + • • • + Vgjs + 
+ • • • + Kfc/3fc. Since 7j = for all i, we must have 7 = ki/3i + • • • + Kfc/Sfc, 
which proves (ii). 

□ 



We define a partial order on Z* as follows: if a,/3 G Z*, then a < /3 if 



and only if /3 — a G ^>oA- 

For any g^-module V and any X £ Z* , set 

= {t; e y I ^t; = A(C)i^ for all C e Z}- 

Lemma 4.14. Let aci on U{x^) by the adjoint action. Then 

(a) Z acts semisimply on U{t^) and 

AeZ*,A>0 AeZ*,A>0 

an(i [/(r^)° = CI. 

(b) U{x^)~^ is a finite- dimensional g^-submodule ofU{x^) for all X>0 
in Z* . 

Proof, (a) Recall that = g_/3. Assume that (A+ \ A^''')o = 

{6, • • • ,?p} and (A+ \ A^^^y^ = {r]i, . . . ,TyJ. By the PBW Theorem the 
set {xl^ . . . xl''y[^ . . . yp' \ ri G Z>o, Sj G {0, 1}} is a basis of C^(r^), where 

yi G g-5i, G Q-r^^ for each j. It easy to see that x^^ . . . xl''y[^ . . . yp^ G 
p Q 

U (t^)""^ for A = rt^t+y~^ Sj'Ti- Moreover, A > since by Lemma [4.12f b) 

j=i j=i 

> and ijj > for all i,j in the partial order on Z* defined above and 
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Z>o for all Clearly U{x^)^ consists of the scalar multiples of 1 
in f/(r;)." 

(b) If A > is in Z*, then by 14.12( b) there exist unique S Z>o such 

k k 

that A = ^Kj/Sj. Set |A| = Then |A| € Z>o and |Ai + A2I = 

i=l i=l 

IA1I + IA2I if Ai,A2 > 0. As in (a),_write (A+ \ A'^'^)o = and 
(A_|_ \ A'^''')j = {r/i, . . . ,r}q]. Since \'qj\ > for all we have that for 
a given m G Z>o, + |%| = m for only finitely many If [/(r^)^"^ 7^ 0, 

p g 

it follows from the proof of (a) that A = rj^j + Sj^Tji for € Z>o and 

i=i j=i 
p q 

Sj € {0,1}. Consequently |A| = + ''^^■^jlVjl- Since the number of 

i=i j=i 

such expressions for |A| is finite, U{x^)~'^ must be finite-dimensional. 

□ 



Proposition 4.15. (a) Z acts semisimply on M^^\ and 
where 

for all fi £ Z* , fi > as Q^-modules. In particular, ^ = W^^^^. 

(b) For all fi, M^~^^ has finite length as a g^-module. 

(c) M^^x = if and only if ■ X = ■ iJ.. 

Proof, (a) By Lemma 14.141 Z acts semisimply on U{t^) via the adjoint 
action and U{t^) = U{x~)~^. Clearly the isomorphism / of (|4.5p 

maps U{x^)~f^ (8)c ^V.xa isomorphically onto M^~^ for every /i > since 

C{u®v) = [C,u]®v+u®C,v = {X-fi){C){u0v) for any C e Z,u£ [/(rp"^, 
V e W^,XA- In particular, if /i = 0, then m|^^ = W^,^;, since C/(rp° = C. 

(b) As an s^-module, U(x^)~^^ ^ip,xx tensor product of a finite 
dimensional s^-module and the simple Whittaker 5^-module W^^^^ . Conse- 
quently, U{x^)~'^ (8>c ^V.xa i^^^ finite length as an s^-module by |10l Thm 
4.6], and hence as a g^-module. 

(c) The proof is similar to that of [HI Prop. 2.1 (1)]. Suppose that 
■ A = ■ fi. Then 6^{X) = 0^{ij) and this implies that x\ = X/^- 

Hence M^^x = M^^^. On the other hand, if M^^x — M^^^, then by part 



12 IRFAN BAGCI, KONSTANTINA CHRISTODOULOPOULOU, AND EMILIE WIESNER 

(a), M^, ^^ = M|^^ Therefore, - W^,x^ which hnphes that xx = X/i 

by Proposition 14.31 Consequently, • A = ■ fi. This completes the 
proof. □ 

Proposition 4.16. A Q-submodule of M^,^\ is proper if and only if it is con- 
tained in M^~^ . Moreover, M^^\ has a unique maximal submodule 

and a unique irreducible quotient L^,^\. 

Proof. It is a standard fact about Z-weight modules that every g-submodule 
of M^jj^x has a decomposition = {N n M^~^). The first state- 

ment follows from this decomposition and the fact that ^ = VF^.^^ is 
a simple g^-module. Let M be the sum of all proper U (g)-submodules of 
M^,A- It follows by the above fact that M C ^ ■ Thus, M is 

a proper ?7(0)-submodule of M^^x. As M contains all proper submodules, 
it is the unique maximal submodule of M^^\, and L^^\ := M^^\/M is the 
unique irreducible quotient of M^^x- D 

By Proposition 14.161 and Proposition l4.15T c). it follows that L.^px — I-'1p,^^ 
if and only if ■ A = ■ fi. 

We now wish to determine when M^^x contains proper submodules. The 
following corollary follows easily from Proposition 14.161 

Corollary 4.17. M^.a contains a proper submodule if and only if there 
exists 1^1 ^ Z*, /i > and ^ v ^ such that x^v = 0. 

In this case we call v a maximal vector. 

Proposition 4.18. M^^x is simple if and only if M^^x contains a unique 
(up to scalar) cyclic Whittaker vector. 

Proof. If dimcWh^M^^A = 1> then M^^a is simple by Corollarv 13. 5[ 

Suppose that M^^x is simple and let v € Wh^{M^^x)- Clearly, u is a 
maximal vector of a- Since t^M^^ = we have that either v G ^ 

or V £ ^M^'x"- Now suppose that v G ^M^,~x''- Then, A^ = U{q)v = 

M>0 ti>0 

U{x~)U{q^)v C 0M^-^' by Lemma EUa). Then, by Proposition HUl 

Ai>0 

A^ is a proper submodule of M^^x which is a contradiction. Hence, v G ^. 

But M^, ^ = W^i,^^^ as 0^-modules by l4.15r a). By Proposition 14. 3^ it follows 
that V = kw^^x for some k £ C, which completes the proof. □ 



WHITTAKER MODULES FOR LIE SUPERALGEBRAS 



13 



4.2.2. Let "0 ^ -C, 7^ ^ind we continue to assume that il^ is singular if 
g = ps[(n,n). We show that the modules M^^\ are not in general simple. 
Recall the definition of Af^ ;^ in (j4.6p . 

Proposition 4.19. jl2|, Prop. 2.4] Z acts semisimply on M^^\, and 
(4-20) M^,,= M^J, 

where 

(4.21) M^7/ - t/(m;)-- 0c ^^^,x. 

as Q^-modules for each u > in Z* and ^ = W^^^^. 

The following Lemma can be easily deduced from Lemma 2.12 in |12j . 

Lemma 4.22. M^^x contains a proper submodule if and only if there exists 
V > Q in Z* and vq G such that tn^-uo = 0. 

Proposition 4.23. Suppose that M^^\ is not simple. Then M^^x not 
simple. 

Proof. Since M^^x is not simple, by Lemma [4.221 there exists vq G M^~^ , 
> such that m^-uo = 0. By (j4.8p . we may identify vq with v = 1 ® vq in 
mIJ. Clearly 

(4.24) = 0. 

Since [0i,m^] C g^, QiW^^-^^ = by definition, and U{xn^) is generated by 
m^, it is easy to see that qiv = 0. But = ® gi. Hence by (|4.24p . we 
have that t^v = 0. Therefore by Corollary 14.171 M^^x is not simple. □ 

In [13] it was shown that if s is a finite-dimensional semisimple Lie algebra 
over C, then the induced s-modules M^^x can have proper submodules. In 
particular, let s = sta and following [13] let and x\ be chosen so that ^ 
is not simple as an sta-module. We can trivially extend the action of sla to 
an action of by letting the center of this reductive Lie algebra act by 
zero on M^^x- Clearly, M^,^x will have proper submodules as a gta-module. 
This implies by Proposition 14.231 that in the case g = s[(l,3) the g-modules 
M^^x are not simple in general. 

4.3. Strongly typical simple Whittaker modules. For a fixed ^, sim- 
ple Whittaker modules for Lie algebras are in correspondence with central 
characters of g. In order to carry this link over to Lie superalgebras through 
the induced modules M^^x, we restrict to strongly typical characters. 

Let Z{qq) be the center of U{qo), let x be a character of Z{qq) (that is, an 
algebra homomorphism x '■ Z^go) C), and let tp G C, ip ^ 0. Recall that 
we denote again by tjj the restriction of "0 to a Lie algebra homomorphism 
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Uq — )• C. Following [121 cf. Definition 1.5], let K{x, ip) be the category whose 
objects are the go-modules M such that (i) M is finitely generated, (ii) for 
each V & M there exists a nonnegative integer n such that (ker'0)'^?; = 0, 
and (iii) M has central character x- 

Let Q : Z{q^) — ^ C be a character of Z{q^). A vector v, in a (70-module 
M, is said to be a {Q, 'i/')-vector if xv = 'ip{x)v for all x £ xIq and z^; = 
for all z € Z{q^). 

Theorem 4.25. [HI Theorem 2.7] Let x be a character of Z{qq), let ijj £ C, 
ip and let M be a nonzero module in K(x,'4')- Then there exists a 
character Q of Z{g^) such that M contains a nonzero {Vl^'4j)-vector. 

As the following version of Schur's Lemma states (cf. [6l Lemma 2.1.4]), 
the center Z{q) of a Lie superalgebra acts by a central character on simple 
modules. 

Lemma 4.26. Let g he finite or countable dimensional Lie superalgebra, 
and let M be a simple Q-module. Then there exists a character x of Z{q) 
such that zv = xi^)^^ for all z G Z{q) and v € M. 

Let T G C/(g) be a special ghost element constructed in [6|. Following [8], 
a character x ■ Z{q) C is strongly typical if T^ ker x- We call a simple 
Whittaker g-module V strongly typical if V has a strongly typical central 
character x- 

Analogous to (13.41) . define 



for any g-module V. Note that Wh^(F) C Wh^(F). 

Theorem 4.27. Let ip £ C, ip ^ and let V be a strongly typical simple 
Whittaker Q-module of type ip. Then there exists A G f)* such that V is a 
homomorphic image of M^^\ as Q-modules. 

Proof. Suppose that u is a cyclic Whittaker vector of V. Since F is a strongly 
typical simple g-module, V has a strongly typical central character x- 

Let u G ^(go) be a generator of Z{qq). We claim that si)an£{u''v : k > 0} 
is finite dimensional. Theorem 2.5 in [15] (see also Lemma 8.3.1 in [7] for a 
correction of a misprint) implies that there exist zq, zi, . . . , zi G Z{q) (where 
I is the number of elements in the set of sums of distinct odd positive roots) 



such that — ^-^^d zi = T^. Therefore u^x{^i)v -|- . . . -|- ux{zi)v + 



x{zo)v = 0, where xi^i) = x{T'^) 7^ since x is a strongly typical central 
character. It follows that spandu'^w : A; > 0} is finite dimensional. 

Since Z{qq) is a finitely generated polynomial algebra, this implies that 
Z{qo)v is a finite dimensional vector space on which Z{qq) acts as a com- 
muting set of endomorphisms. Therefore Z(qo)v contains a common eigen- 
vector w for the action of Z{qq). That is, there exists an algebra homomor- 
phism X '■ Z{qq) — )• C such that zw = x{z)w for all z G Z{qo). Moreover, 



Wh' 



(V) = {v £ V \ XV = ip{x)v for all x G n^j"} 
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xw = '>p{x)w for all x € Uq since w G Z{qo)v and v € Wh^(F). Further- 
more, as [0i,0o] ^ 01) ^^(0o) is generated by goi and 0it; = 0, it follows that 
Qiw = 0. Hence xw = ip{x)w for all rr € n"*". 

Let M = U{go)w. Clearly M is in K{x,ip). By Theorem H^B it follows 
that there exists A € f)* such that M contains a (xaj V')"Vector, say w. In 
particular, w G Wh^(M), hence m^'u; = by definition. Since [0i,0o] ^ 0i; 
U{qo) is generated by 0o, and qiw = 0, it follows that Qiw = 0. Because 

= © 01, we then have that x^w = 0. 

Let W = U{q^)w. Then is a Whittaker 0^-module of type ip and 
character x\7 hence W is simple and isomorphic to W-^p^^^ by Proposition 
I4.3[ Further, the simplicity of V implies that V = U{q)w. Hence, the map 
Mtl>,\ K defined by uw^_\ — )■ uw defines a surjective homomorphism of 
U (0)-modules. □ 

Corollary 4.28. Let ip £ C, ip ^ such that ip is singular if Q = p5l{n,n). 
Then the {L^ x I A G ^* /W^,} describe the isomorphism classes of the 
strongly typical simple Whittaker Q-modules. 



5. The case -0 is non-singular 

For this section, we fix 7^ V ^ ^ non-singular and we describe the space 
WhO(M^,A). We use this description to show that in the case = s[(l,2), 

the induced modules M^^x are in fact simple for any ip £ C and A G f)*. 

Recall that P <Z \)* the set of weights of f\ 0_i as a 0o-module (counted 
with multiplicities). 

Proposition 5.1. Assume that Q ^ £ C is non-singular. As a QQ-module 
M^^X has a composition series with length equal to dim/\0_i. The composi- 
tion factors are isomorphic to the irreducible Whittaker QQ-modules W^^y.^^^, 

where 1/ £ P. Furthermore the space of Whittaker vectors 'Wh.^{M^^x) is 
finite- dimensional and 

(5.2) dim Wh^(M^,A) = dim /\q^i. 

Proof. Since tp is non-singular, it follows that 0^, = 0o and M^^a = W^i/),xa- 
Therefore M^^x — AS-i "^c ^V.xa (|4.8p as 0o-modules. Since AS-i is 
finite-dimensional, the result follows from [10^ Thm 4.6]. □ 

Since Wh^(M0^A) ^ Wh° (M^^a)j we obtain the following: 

Corollary 5.3. Assume that tp € C is non-singular. Then the space Wh^(M^^A) 
is finite- dimensional. 

5.1. Classification of simple Whittaker modules for s[(l,2). In this 
section, we consider more carefully the modules M^^x for = s[(l,2). In 
Section 14. 2^ we showed that these modules always have finite composition 
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length. Here we use Corollary 13.51 show that for this superalgebra they are 
in fact always simple. The Lie superalgebra s[(l, 2) has the following basis: 



h 



Xi 





yi = I I , y2 = I 1 I , y3 = I 

1 

Then, go = span{/i, 2, xi, yi}, 31 = span{x2,X3}, and g_i = span{?/2, ys}- 
Note that go — © Cz, where {2:1,^1, K} is an s[2-triple. Let C = ^yixi + 
h?' + 2h be the Casimir element of C/(s[2). One can easily check that Z{qq) = 
C[C, z\. 

This gives a triangular decomposition for g, where f) = span{/i, z} is a 
Cartan subalgebra and = spanjxi, 2:2, X3}. (Note that n^' = spanjxi} 
and = span{x2, 2:3}-) Let ijj ^ Che non-singular. Then = and 
suppose that iIj{xi) = a € C, a 7^ 0. Let A € f)*, and assume that Xa(C) = b 
and Xa(^) = c, 6, c S C. Let W^^^^ be defined as before. 

Clearly, g^ = go, = g_i. By (jl3|) 

(5.4) M^,A = Afl-i^c^^.x. 

as go-modules. In what follows, we will identify x ® v with xv for any 
X G f\Q-i,v G ^v.xa- Then M^^\ = U{q)w is a Whittaker g-module of 
type ip with cyclic Whittaker vector w. 

Lemma 5.5. (a) The set {h'^w \ m > 0} is a C-hcLsis of W^^^^. 
(b) The set {y^ylh'^w \k,£e {0, l},m > 0} is a C-basis ofM^^x- 

Proof. Part (a) follows from jl3l Lemma 2]. The claim in (b) follows from 
part (a), dED, and the PBW Theorem. □ 

Lemma 5.6. The set {w, y2W, y2y3W, 2ayzw+y2hw} is a basis of'W]i^{M^^x). 

Proof. It follows by Proposition 15. II that dimWh.^{M^^x) = dim/\g_i = 4. 

It easy to check that w,y2W,y2y3W,2ay3W + y2hiw are in V\f\i^{M^^\) and 
they are obviously linearly independent. □ 

Lemma 5.7. The space W\i^{M^^x) is one- dimensional. 

Proof. Set wi = 'w,W2 = y2'w, W3 = y2y3W, = 2o?/3 + y2hw. Then 
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(5.8) X2Wi = 

(5.9) X3W1 = 

1 1, 

(5.10) X2W2 = -cw + -hw 

(5.11) X3W2 = aw 

(5.12) X2W3 = (^c - 1)^3^^ + 7;y3hw - ^bw2 + \y2hw + -^y2h'^w 

1 2 4a 4 4a 

(5.13) XzWi = (1 - \^C)W2 + ^U^4 

(5.14) X2i«4 = -^w + -(c — l)/it(; 

(5.15) X'iWi^ = a{c — 2)w 

Now let G Wh^(M^^A)- By Lemma [5T6l it follows that v has a unique 
expression v = diw + d2W2 + dsw^s + d^wi^ for some G C. Since f is a 
Whittaker vector, we know that X2V = x^v = 0. Then (j5.9p . (|5.1ip . (j5.13p 
and ()5.15p imply that = x^v = ad2W + d3{—^c)w2 + ds^w^ + dia{c — 2)w. 
Therefore ^2 + c?4(c — 2) = 0, ^3 = 0. Suppose that c = 2. Then ^2 = and 

V — diwi = d^Wi € Wh^(M0 ,\) which can happen only if ^4 = by ()5.14p . 
So in the case c = 2, the lemma is true. Now assume that c 7^ 2. Then 

V = diwi + d2W2 + jzz'^'i ^'^d (!5.1Up . (|5.14p imply that 

X2V = d2X2W2 + X2W4, 

2 — c 

= d2i^cw + ^hw) + ^^{hw+^{c-l)hw). 

Therefore X2V = if and only if ^d2 + 2(2-c) — 1) = which can happen 
if and only if d2 = 0. Hence v = diw and this completes the proof. □ 

We now have the following: 
Proposition 5.16. ^ is irreducible as a Q-module. 
Proof. This follows from Lemma 15.71 and Corollary 13.51 □ 

Combining the above result with Theorem 14.271 we obtain the following: 

Corollary 5.17. Let q = s[(l,2), e C, ^ 0. The {M^,x,X G l)*/W} 
represent the isomorphism classes of all strongly typical simple Whittaker 
Q-modules of type ijj. 
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